Singular perturbations of -A in L 2 (R 3 ) supported by points, regular curves and regular surfaces are considered. Using a renormalization technique the corresponding quadratic forms are constructed and a complete characterization of the domain and the action of the operators is given, together with explicit expressions for the resolvent. § 1. Introduction
§ 1. Introduction
In recent years some attempts have been devoted to the construction of Schrodinger operators with potentials supported by sets of zero Lebesgue measure. Such hamiltonians are of great importance in applications as models of a variety of physical situations in quantum mechanics, nuclear physics, solid state physics, scattering in disordered media etc. (see e.g. [4] and references therein). Some interesting connections with a model of antenna in classical electrodynamics are stressed in [13] .
The existence of such Schrodinger operators can be proved, under some very general conditions on the support of the potential, using different techniques.
A natural framework for justifying the formal manipulations of d potentials often employed in the physical literature is non-standard analysis ([!]); standard methods are used in [2] , where a singularly perturbed hamiltonian is given by resolvent limit of smooth approximating operators, and in [3] , where a construction is obtained studying the non trivial selfadjoint extensions of the Laplacian restricted to smooth functions vanishing on the support of the perturbation.
A more abstract result is given in [14] , where the notion of singular bilinear form defining a perturbation of a positive and selfadjoint operator in a Hilbert Communicated by T. Kawai, May 1, 1989 . Revised February 26, 1990. * S.I.S.S.A., Strada Costiera 11, 34014 Trieste, Italy. space is introduced and conditions for the construction of the perturbed operator are given, Somehow related questions are discussed in [15] , where sufficient conditions for the existence of perturbations of a linear differential operator supported by a submanifold of codimension greater than zero are given, and in [16] , where the existence and uniqueness of the solution of a Schrodinger type equation with a potential given by a distribution are proved.
It should be emphasized that, except for some special cases like interactions supported by points ( [4] ) or by a sphere ( [5] ), using the above mentioned methods it is difficult to get information about the properties of the constructed operator, e.g. locality of the interaction, detailed structure of the domain, spectrum etc. [1] , [6] ).
Once the quadratic form is defined we provide a complete characterization of the domain and the action of the self adjoint operator associated to Fg and also an explicit formula for the resolvent.
Moreover it is clear from the construction that the interaction we are defining has a local character in the sense that it is completely specified by an assigned function on G, which is a measure of the strength of the interaction.
In order to illustrate our construction it is convenient to start with the case in which Q is a finite set of points. As it is well known ( [4] The same idea is then applied to the more interesting case of a perturbation of the Laplacian supported by a regular curve C; one has only to replace the point charges Q u with a linear charge £ u distributed on C. The resulting quadratic form Fp tC is essentially the sum of the energy £?c associated to M-GC£«, where G*c£ u is the potential produced by £ U9 and of an extra term <Z>£ >C due to the renormalized energy of f u (see § 3).
We remark that, exploiting further the analysis in [7] , perturbations of the Laplacian supported by Y or C can also be obtained as suitable limits of Robin boundary value problems with data on smooth surfaces shrinking to Y or C respectively.
Finally we will briefly consider the well known case of a perturbation supported by a regular surface and we will show, by simple algebraic manipulations, that the corresponding quadratic form can be written in terms of a surface charge, in analogy with the previous cases (see § 4) . 
where C is the complex plane and
It is easy to check that 0* pF can be obtained as a renormalized energy of the point charges Q u 
for any u, veD(F 0 ).
Proof. The existence of a lower bound is a consequence of the fact that ( [4] page 116) F^X) is a symmetric matrix whose eigenvalues are all strictly increasing in /I, so that there exists ^0(a, 7)>0 such that /^(/Q defines a scalar product in C N for all /t>^0(a, 7 Using the explicit form of F^y, it is not hard to reconstruct the domain and the action of the associated selfadjoint operator -
Moreover formula (1.1) for the resolvent can be easily obtained. The proof of (2.13), (2.14), (1.1) can be carried out along the same line as the proof of the propositions 4, 5 of the next section and is omitted here. We finally observe that a perturbation of the Laplacian supported by points in dimension two can be constructed, following exactly the same line as that of the three dimensional case, the only difference being the logarithmic singularity of the two dimensional Green's function for -L § 3. Perturbations Supported by Curves
The construction of a perturbation of the Laplacian supported by a curve is more delicate. The essential reason is that the space of the linear charges distributed on the curve is infinite-dimensional, so that in the definition of the renormalized energy of the linear charge distribution one has to face the problems of domain and closedness.
Let C be a curve in R 3 of class C 1 and, for a chosen initial point and In fact, using C-l, C-2, we have
As a preliminary step in the construction of the quadratic form we define '-r log 2e
for any fixed ^>0 and e<e 0 . We observe that a x (s) depends only on the geometry of C and it is a constant in the particular cases of a straight line and of a circumference of radius p <*.,. = J Proof. The first integral in the r.h.s. of (3.2) can be estimated through C-2; one obtains the bound . Given a Cauchy sequence {f n } in 7)(0£ )C ), it is sufficient to prove convergence for a subsequence. Pick a subsequence, still denoted by {£"}, such that (Pj.ctf.-f.+i, £.-£.-n)<2-''. Then is the monotone limit of and by the monotone convergence theorem ®eL 2 (7) and @< + oo a.e.
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Moreover \O N (s)-® N (s')\ 2 G x (y(s)-y(s')) converges a.e. in 7x7 to \O(s)-e(s')\ 2 G\y( S )-y( S ')) and
JUl£.+r-£.l> | *.+!-£.! )<const.
so by the Fatou lemma we get 0 e7)(0£ >c ). Thus fi+Sr-iCfn+i-f«) is absolutely convergent to a sum £ with |f -fj <G, so that £ e7)(0£ >c ). It is now straightforward to show that lim, <Z>* >c (£-£ " £-£ B )=0. Q.E.D.
By Proposition 2 we get that <Z>£ >C is, for 1>A Q (]9 9 C), a positive and closed quadratic form in L 2 (7) so it defines a positive and selfadjoint operator r ptC (X) 9 which acts on smooth £ as follows . (3.9)
Now we want to recall two useful properties of the potential (3.10) produced by the linear charge f e7)(0£ >c ). We observe first that the map £|->G%£, 1>* 0 (P, C), is a linear bounded map from D(<Z>$ iC ) to L 2 (jR 3 ), and its norm converges to zero for /£-> + oo. The proof, based on an application of the Fubini theorem, is straightforward. Next it can be shown that G%£&H\R 3 ).
We give here a sketch of the proof. The regularity conditions C-l, C-2 allow us to define, for any £>0 sufficiently small, a neighborhood of C Then an integration by parts yields
where Gfcl(jc)=l G x (x-y(s))d5 9 x^R 3 . The second term in the l.h.s. of J/ (3.12) remains bounded in the limit d->0 and the first two terms in the r.h.s. of (3.12) converge to -0£ >c (<? , f )+ 1 I £(0 1 2 P( s }ds, which is finite by hypothesis. J/ Concerning the integral in the last term of (3.12) we have
\CS
It is now evident that the last term in (3.12) diverges logarithmically for £-»0 and then our assertion is proved. The above procedure shows, in particular, that <Z>£ iC (f , f ) can be considered as a renormalized energy of the linear charge distribution (cf. § 1). Now we have all the ingredients to define, for ^>Jl 0 (/9, C), the following quadratic form in L 2 (R*) for any u, vG_D(F 0 ).
Proof. The existence of a lower bound for Fp c is a consequence of the positivity of <Z>£ fC for A > ^0(/9, C). In order to prove that it is closed we consider /* c(i/, u) = F, tC (u, u) and it can be verified that the boundary condition
We remark that the last equation, for a fixed s^I, essentially coincides with the boundary condition defining a point interaction in dimension two (see [4] page 98).
It is also possible to give explicitly the resolvent of -J^> c Proposition §" For Z>Z 0 onto D(-Ap tC )i using (3.24) one immediately proves the proposition. Q.E.D.
In conclusion we observe that, starting from (3.32), one can investigate spectral properties of -A^t C (such as the location of the point spectrum and the absence of the singular continuous spectrum) and study the scattering theory for the pair (-J /3>c , -A). We plane to come back to these questions in further work.
§ 4 Perturbations Supported by Surfaces
It is well known that a perturbation of the Laplacian supported by a regular closed surface S can be defined by the following quadratic form G>y fS is clearly a bounded quadratic form in L\2), thus it defines a bounded selfadjoint operator Py tS (X) ) , It is a simple exercise to show that, when S is a sphere, (4.10) reduces to the resolvent given in [5] .
